Let ßN be the Stone-Cech compactification of the integers N. It is shown that if p is a /"-point of ßN-N, then ßN-N-{p) is not normal. Let D be an uncountable discrete set and £0 be the set of points in ßD-D in the closures of countable subsets of D It is shown that there is a two-valued continuous function on £0 which cannot be extended continuously to ßD.
Let Ua=*Wa-W,+1. Each Ux is open-and-closed in ßN-N. Pick Ppoints px e Ux. Then p is a limit point of {/?"},<e>i. For each a<Wj, let {t7aa}a<i0l be open-and-closed neighborhoods of/^ such that: (i) {Uxi} is abase at/>a: 00 Ux0^Ux; (iii) t/^c £/," (properly) for ß<y; (iv) Ha«»! £4«={/>,}-In ßN-N-{p}, let /l=cl({/>tl})5I<a,i. Throughout the proof, X will stand for a countable limit ordinal. Let B, = cl( U (£/« -£^)) n ( C\w\, and let B = \J Bx.
\x<X / \a-cl / X«o1
I will show that A and 5 are disjoint closed sets in ßN-N-{p} which cannot be separated.
By definition, A is closed. To show that B is closed, suppose that q is a limit point of B and that ß is the smallest ordinal such that q $ Wß. I will show that if ß is a nonlimit ordinal, then q cannot be a limit point of B. If ß is a nonlimit ordinal, then Uß_x= Wß_x-Wß is a neighborhood of ¡7. If X is a countable limit ordinal and X>ß, Bk<^ (~)*<x Wx<=Wß, so BxC\Uß_x=0-lfX<ß, Uß_xr\Ux=0 for a<|S-l,so í/^n^lj^-í/^ = 0 and since Uß_x is open, Uß_x<~^c\((\Jx<x Ux-UxX))=0. So Bxi ií//¡_1=0
if A<p\ Now, since 5= Ujkw, Bx, Uß_x<~\B= 0 so 9 is not a limit point of Ä.
If X and A' are distinct countable limit ordinals, then Bx and By are disjoint, and Bx and cl({/7a})3[<A are disjoint, so A and 5 are disjoint. This relies on a lemma of M. E. Rudin [3, p. 148, Lemma 1] .
To show that A and B cannot be separated, let A<=-O and Bc:V where O and Kare open sets in ßN-N-{p}. Then for each countable ordinal a, there exists a ßx>a. such that Uxß cz0. Let a0=0, a,=p\, and, in general, let a.n=ßXn_i. Let 7 be the limit of the sequence {ßxJ, then y is also the limit of the sequence {an}. If D* is the one-point compactification of D0, then Comfort and Negrepontis have shown that [CH] Z)J is homeomorphic to ßN-N. Theorem 2, which does not use the continuum hypothesis, shows the existence of a continuous two-valued function on D0 which cannot be extended continuously to ßDx-Dx. Such a function cannot be extended continuously to D*. So Theorem 2 implies Theorem 1. In fact, a stronger theorem which does not use the continuum hypothesis is true. If D* is homeomorphic to ßN-N and p e ßN-N, then ßN-N-{p} is not normal. Perhaps, the reason one so often needs the continuum hypothesis to prove theorems about ßN-N is that one wants ßN-N to be homeomorphic to D*. Certainly this substitution can often be made and it would be interesting to find out how often.
III. Theorem 2. There is a continuous two-valued function on £0 which cannot be continuously extended to ßD-D.
Proof.
Without loss of generality assume that the cardinality of D is Kx. This can be done since, as was pointed out in §11, D0 is both open and closed in £". N. Aronszajn [4] and F. B. Jones [5] have shown the existence of a partial order ^ on D such that: -2ü) ).
\a<íiíi/ \jt<ü»i / I will show that Uk»,^ and {jx<(aic\((Yx-Zx)) are disjoint, closed sets in £0 which cannot be separated in ßD-D. First, I will prove two lemmas to establish some properties of the Z^'s.
Lemma 1. For all a and ß, countable ordinals, XxC\Zß is finite.
The proof is by induction on ß. If ß=0, Zo=0, so XxnZo=0.
Assume that for all y<ß, XxC\Zy is finite for all a. If ß is a nonlimit ordinal, Zß-Zß_x and XxC\Zß_x is finite by the induction hypothesis. Assume that for all y<«, both Zß-Zy and (Yß-Zß)C\Zy are finite for all ß<y.
If a is a nonlimit ordinal. Zx=Zx_l and by the induction hypothesis, for all ß<%-1, both Zß-Zx_x and ( Yß-Zß)nZx_x are finite and, clearly, Zx_x-Z=0 and(Yx_x-Zx_x)nZx=0.
If a is a limit ordinal, let ß' be the smallest ordinal less than a for which it is not known that both Zp-Zx and (Yß-Zß.) There is a point y e Xß. such th&tp{n<y<x3n. Next, by definition of Zr, since ß' is a limit ordinal, there are an ordinal y<ß' and a point z e Xy such that Zi.n{.r:x</}={;v:z<;c<j}. Then (Yß. -Zß.) n {*:/"" < x < <} = {x -.pi" ^x<z} (=0 in case z^/>J\ i.e., y=/?n). Since {x:/>£"_;x<z}c: yy we have Zn ( Ucl((F,-za))) = 0.
Then ZX^Z and so Zx-Z must be finite for all a<co1. Also if 2<~\ el((Y-Zx))=0 then Zr\(Yx-Zx) is finite. Since Y = (]ß<xXß, Zr\ (Xß-Zx) must, for all <x<a>x, be finite for all /3<a. But since XßC\Zx is finite by Lemma 1, Zr\Xß must be finite for all ß<cox-I will complete the proof by showing that there is no set Zc D with the properties described in the preceding paragraph.
Suppose there is such a set Z. Then for every countable limit ordinal a, since Zx-Z is finite, there exists an/(a)<a such that if y is the term of Xf{x) such that v<x\, then {x:y^x<xl}<^Z.
If a is a nonlimit ordinal, let /(a) = a-l and let f(0)=0.
Then there exists y<cox such that/(a) = y for uncountably many a. For, if not, then {oL:f(tx)<ß} is countable for each ß<ioly and letting Co={a:/((x)=0}; C0 is countable and has a supremum al5 a^O. In general, let C"={a:/(a)<:x"}; C" is countable and has a supremum an+i' where an+1>a", since an+l is in Cn. Then if a' is the limit of the sequence {a"}, and since/(«')<a',/(oc')_a, for some /', but then a' is in C¡ and oc'^a<+1 which is a contradiction of the choice of a'.
Let q be a point of X such that q<x\ for uncountably many a's such that y=/(a). Let H/={jc:c/<x: and {y:q<y^x}^Z}. Then IF is uncountable by the choice of q. Let A = {x:q<x and there are uncountably many z>x such that {y:q<y^z}cZ}. Observe that A^W. Also A is uncountable. Because if A is countable, then Ac-Yß for some /5>y, and if x e Xß, there are only countably many z>x' such that {y:q<y^z}^Z. So W-Yß is countable, hence W is countable which is a contradiction.
For each a>y, let w(a) = the number of terms in AC\XX. Then «(a) is
